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Abstract: In this paper we prove bilinear Strichartz estimates for a solution to the Schrodinger 

d-2 

map problem whose size is small in the critical Strichartz space V 2 i/j x \\ 2U+1) ■ These estimates 

j — 1 — 

will be useful in an upcoming paper in proving a local well - posedness result. Bilinear estimates 
make use of an argument similar to the argument found in [15j . We use the same gauges as in [T], 
[2], and p2]. 

1 Introduction 

The Schrodinger map problem 

d t <t> = 4> x A x 0, 

0(0) = <fo, (1.1) 
(p : I xR d ^ S 2 ^R 3 

is a problem which has been a subject of a great deal of recent attention. This is a problem with 
a rich geometric structure that arises naturally in a number of different ways. See [12] or [TJ] for 
more details. 

This system (jl.ip enjoys conservation of energy, 

EW)) = \I \dA(t,x)\ 2 dx (1.2) 

and mass 

M(<Ki))= / m,x)-Q\ 2 dx, (1.3) 

jR d 

where Q G S 2 is some fixed base point. When d = 2 both (jl.ip and (|1.2p are invariant with respect 
to the scaling 



4>(t,x) (->■ 4>(X 2 t, Ax), A > 0. 



(1.4) 



When ti = 2 (jl.ip is called energy critical. [T], [2], [3], [17], studied the partial differential equation 
satisfied by the derivatives of a solution to (jl.ip . The derivatives of ip(t,x), ifii = d Xl ip(t,x) satisfy 
an equation that is a perturbation of the free Schrodinger equation 

(id t + A)ipi = -2iA m d m ipi - i(d m A m )i(;i + (A t + A m A m )ij)i - ^ m Im(^ m ^/). (1.5) 

Remark: In this paper we adopt the usual convention that Latin letters l,m = 1, d and we sum 
over repeated indices. A m , At are the connection coefficients. 

Using the Coulomb gauge in dimensions d > 4 [I] proved global well - posedness of (jl.ip for initial 
data sufficiently small in H d l 2 . [2] proved global well - posedness for small data in d > 2 using the 
caloric gauge. This result was subsequently extended by [UJ to data with energy below the energy 
of the ground state and d = 2, provided the data satisfies certain other smallness assumptions. 

The chief difficulty in the study of the derivative Schrodinger maps equation arises from the mag- 
netic term A m d m ipi when ipi is at a high frequency and A m is at a low frequency. This term cannot 
be treated perturbatively using only the Strichartz estimates. Instead [1], [2], [IT] utilized bilinear 
Strichartz estimates to move half of the derivative from the high frequency term to the low fre- 
quency term. This combined with local smoothing results is enough to close the bootstrap under 
the smallness conditions of [I], [2], and [17] . 

In this paper we prove some bilinear Strichartz estimates for a solution to (jl.ip . We start by 
recalling a bilinear Strichartz estimate for the linear Schrodinger equation. 

Theorem 1.1 If u solves the free Schrodinger equation 

iu t + Au = 0, 
u{0) = Uq, 

then for M « N , when Pjy is a Littlewood - Paley operator, 

\\( P Mu)(P N u)\\ L 2j KxKd) < 2 ||.PmUo|| L3 (Rd) 1 1 Pn Uq 1 1 £2 ( R d) ■ (1.7) 

This can be proved using Fourier analytic techniques. [1] used the Fourier transform to prove this 
theorem when d = 2. The result was subsequently extended to all dimensions (see for example [?]). 
One can also prove a similar result on / if u solves 

iu t + Au = ±\u\ 2 u, (1.8) 
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|||V| (,i - 2)/2 n|| 2(d+2) <oo. (1.9) 

|15j proved theorem ll.il via an interaction Morawetz estimate. This method is useful to this paper 
because it is very robust under perturbations of (|1.6|) . In particular, if tpi solves (|1.5p then (jl.7p 
holds under a slight strengthening of (|1.9j) . 



First define a Sobolev space for : I x R d — > 5" 2 . 

Definition 1.1 Zei J 7 ^) denote the Fourier transform on L 2 (R d ). For a > define the inhomo- 
geneous Sobolev spaces on R d /or vector valued functions. 



H°(R d ) = {f : H d —> C n : ||/||^ (Rd) = [£) + ie| 2 ) CT/2 |li 2(Rd) ] 1/2 < oo}, (1.10) 

z=i 

as as i/ie homogeneous Sobolev spaces 



H°(R d ) = {f : ~R d —> C n : ||/||^ (Rd) = " I ^ I (R-)] 1/2 < °°>- (1-U) 

Z=l 

For a > 0, Q = {Qx,Q2-,Qz) € S 2 define the complete metric space 

H%(R d ; S 2 ) = {/ : K d R 3 : \f(x)\ = 1, f - Q G (1.12) 
T/iis metric has the induced distance 

d a Q(f>9) = \\f-9\\ H «(n<ty (1.13) 
Lei ||/||f/g = dq(f,Q) for f E Lfg. Define the complete metric spaces 

H oo = F oo/ R d. c nj = n (TeZ+ F ,7 (R c( ) and #^(R d ; S 2 ) = n (TeZ+ ^(R d ; S 2 ) (1.14) 
with the induced distances. 

Choose a small constant 5 > 0, say 5 = ^j. Let ip x be the vector ip x = (ipi, ...,^). Let (3{k) be a 
frequency envelope that majorizes 2 k ( d ~ 2 ^ 2 \\Pk' t Px(Q)\\L 2 ('R d )i satisfying 

2 fe ^ 2 )/ 2 ||P fc ^(0)|| Lg(Rd) < /3(k), (3(k) < 2^(3(1), J>(fc) 2 < U\\l d/2 . (1.15) 
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For example one could choose 



P(k) = ^2-^- fe l2^||P^,(0)|| L2(Rd) . (1.16) 

3 

Suppose also that a(k) is a frequency envelope that majorizes 2 k( - d ~ 2 ^ 2 \\Pk^px\\ 2(d+2) , and 

2*(d-2)/2||j^^|| ™ < a(A;), a(k) < 2^ a(l) , Y^a(k) 2 < e(\\i;\\. d/2 ) 2 . (1.17) 

Theorem 1.2 Suppose d > 4 and k — I > 10, ?/> solves (ll.5p . satisfies (j!.15p and (|1.17p . and ^4 

satisfies the Coulomb gauge. Then 

\\(PM(m x )\\ LUlxR *) < 2-\ l - k \/ 2 (a(k)+P{k))(u{l)+W))- (1.18) 

[1] was unable to use the Coulomb gauge in dimensions d = 2, d = 3. Instead, for dimensions d > 2 
and small data [2] utilized the caloric gauge. [IT] also utilized the caloric gauge to study d = 2. 
The caloric gauge arises from computing the harmonic map heat flow with initial data ip x ,t{~t, x) for 
any (t, x) 6 I X R^. The harmonic map heat flow is computed in for all s > 0. The gauge condition 
A s = is imposed. Therefore it is necessary to study the bilinear estimates for s,s/0 and s/s. 
|16j proved that the harmonic map heat flow is well - defined provided tp(t, x) has energy below the 
energy of the ground state. Since [16] only proved well - posedness of the harmonic map heat flow 
when d = 2, 

Theorem 1.3 Suppose d = 2, k — l > 10, ip solves (ll.5p . satisfies (11 . 15f) and (|1.17p . and A satisfies 
the caloric gauge. Moreover suppose ip(s,t,x) is the solution of the harmonic map heat flow with 
initial data if) (0,t,x). Then 

IKflb^WXfl^CSWII^CJxH^) ^ 2H'-*l/a(«(A:)+/?(A f ))(a f (0+i9(0)(l+*2 afc )- 4 (l+S3S aI )- 4 . (1.19) 
These results will be used in a subsequent paper to prove well - posedness of (ll.ip . 

2 Gauge Field Equations 

Let (j) be any function such that (j) : R 2 x (— T, T) — > S 2 . Denote space and time derivatives of 4> as 
d a <fi, where a = 1, d + 1 and dd+\4> = 

Remark: The time variable is usually assigned to a = 0. However this index will be reserved for 
time variable under the harmonic map heat flow in the caloric gauge. 
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As in PP, [2], and [T7] select an orthonormal frame (v(t,x),w(t,x)) € T^,u x \S 2 , i.e. smooth func- 
tions v,w : R 2 x (— T, T) — > S" 2 such that at each point (x,t) the vectors v(t,x), w(t,x) form 
an orthonormal basis T^u^S 2 . As a matter of convention assume v and u> are chosen so that 

v X w = (j). 

Then introduce the derivative fields. Set 

ip a = v ■ d a cp + iw ■ d a 4>- (2-1) 

Then d a cp admits the representation 

d a cf) = vRe(ip a ) + wlm(if; a ). (2.2) 

Rewrite the vector d a cj) with respect to the orthonormal basis (v,w), then identify R 2 with the 
complex numbers C according to v -f-^ 1, uu -f-^ i. This identification respects the complex structure 
of the target manifold. The Riemannian connection on S 2 pulls back to a covariant derivative on 
C, which we denote by 

D a = d a + iA a . (2.3) 
The connection coefficients A a are defined via 

A a = w ■ d a v. (2.4) 
Because the Riemannian connection on S 2 is torsion free the derivative fields satisfy the equations 

Dpi> a = D^p. (2.5) 

Equivalently, 

dpA a - d a A/3 = Im(Tpj34> a ) = qp a . (2.6) 

If (p is a smooth solution to the Schodinger map problem (jl.ip then the derivatives satisfy the 
equation 

ilH = iD^l- (2-7) 

This is because 

4> x A<p = J ((/))((!)* V)jdj<p, (2.8) 

where J(4>) denotes the complex structure (frx and (0*V)i the pullback of the Levi - Cevita con- 
nection V on the sphere. This implies 
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(ify + A)ipi = -2iA m d m ipi - i(d m A m )ipi + (A t + A m A m )ipi - itp m Im(tp m ^i), 

D a ^ p = Dpipa, (2.9) 
Import p) = daAp - dpA a . 

A solution vp m to (|2.7p cannot be determined uniquely without choosing an orthonormal frame 
(v,w). Changing a given choice of orthonormal frame induces a gauge transformation and may be 
represented as 

^m^e% A m ^A m + d m e. (2.10) 
The system (|2.7p is invariant with respect to such gauge transformations. 

In this paper we will discuss bilinear Strichartz estimates for two choices of gauge, the Coulomb 
gauge and the caloric gauge. The Coulomb gauge is a gauge which is quite useful in high dimensions 
(see PQ) and in low dimensions when some additional symmetry is imposed on the problem(see |10| 
and [3]). In this paper we will discuss the Coulomb gauge for dimensions d > 4. 

However, the Coulomb gauge becomes very difficult to use in low dimensions for a general Schrodinger 
map problem. Therefore for dimension d = 2 we will consider the caloric gauge. This gauge was 
introduced in |22] to study wave maps in hyperbolic space. The series of papers [23], [23], [25], 
[26] . [27] then used this gauge to establish global regularity of wave maps in hyperbolic space. [21] 
suggested that the caloric gauge would be a suitable gauge in which to study Schrodinger maps. 
[2] utilized this gauge to establish global well - posedness in the setting of initial data with small 
critical norm. This result was further expanded by [17] , 

2.1 Coulomb Gauge: 

Under the Coulomb gauge 

d 

d m A m = 0. (2.11) 

m=l 

In view of (|2.6p this leads to 

d 

A m = A" 1 dilm{^ m ). (2.12) 
i=i 

Also by (J2HD 
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AA) = Y, d l( d ° A i + MV#d+i)) =Y / 9iIm(^ d+1 ). (2.13) 
1=1 1=1 

Using CLSD, (E2D, 

d d ^ d 



= - ^ Re(ipiD m ^ m ) = - ^2 did m Re(iJii) m ) + t;A(^ ipm^m)- (2-14) 

m=l m,i=l m=l 

The caloric gauge will be discussed in an upcoming section. 



3 Proof of theorem 11.11 

Everything in this section can be found in [15]. Theorem 11.11 will be proved here for the reader's 
convenience, since the proof will be modified to deal with the case when t/j solves (11.51) . 

Suppose u solves 

(id t + A)u = Q. (3.1) 

The argument of |15| is more useful for this paper than the argument of [4] because it is very robust 
under perturbations of the Laplacian A or perturbations of (I3.1D . Define the Morawetz potential 



M(t) = I \u M {t,y)\ 2 ^T — 1 ^Irn[u N (t,x)d j u N (t,x)}dxdy 
\x — y\ 

\u N (t, y)\ 2 j- —^-i Im[u M (t, x)djU M (t, x)]dxdy. 

\ x y\ 

|2, 



(3.2) 



Because e ltA is a Fourier multiplier and \e \ = 1, 

l|wAf(t,x)|| L 2 (R d) = II^A/(0,2;)||L2(Rd), (3.3) 



and therefore since I , , I < 1, 

l \x-y\ I — ' 



(x-y) i 

— x 5 

2 ll„. /n _M|2 



\M(t)\ < (M + N)\\u M (0,x)\\l 2{Rd) \\u N (0,x)\\ 

L 2 (R d ) ' 

(3.4) 

Lemma 3.1 For oj G S^ 1 let x u = x ■ to, = (ui ■ V), 

r ""rf(x)d ul g(x)dw = j^f(x)(x ■ V)g(x). (3.5) 



S d-i \x u \ \x\ 
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Proof: Without loss of generality suppose x = (x±, 0, 0). 



,2 



+ / |ujv(i,y)| _ Im[u M (t,x)d U} u M (t,x)]dxdy. 

\{ x y)w\ 



By the fundamental theorem of calculus 

rT 



(3.6) 



\x u \ |wi| 

/ ri rifWuAfW = C(d)-^-f(x)d l9 (x) = C(d)^f(x)d j9 (x). (3.7) 

7 S d-l |Xl| |Wi| |Xi| |x| 

Therefore, M(i) = / s< j-i M w (t)duj, where 

/( y^} 
\ u M(t,y)\ 2 _ " Im[uN(t,x)d u) UN(t,x)]dxdy 
\{ x y)oj\ 



(3.8) 



MUT) - M w (0) = jf j t Mu(t)dt. (3.9) 

Without loss of generality take w = (1,0, 0). 

/* (•£ — V)i 

—M LU (t) = -2 J d k Im(u M d k u M )(t,y) — - —^ Im[u N d 1 u N ](t,x)dxdy (3.10) 

/(x — y ) i 

d k Im(u N d k u N )(t,y) _ Im[u M diu M ](t,x)dxdy (3.11) 

+ \J \u M (t, y )\ 2 ^^d 1 d 2 k (\u N (t,x)\ 2 )dxdy (3.12) 

+ \ UN ( t ,y)\ 2 1 ^—^d 1 d 2 (\u M (t,x)\ 2 )dxdy (3.13) 

\uM(t, y)\ 2 |^ _ -^ d k Re{diu N d k u N ){t, x)dxdy (3.14) 

\uN(t, y)\ 2 p _ yj-j d k Re(diu M d k u M )(t, x)dxdy. (3.15) 

Integrating by parts 

= -2 y Im[u M diu M ](t,x 1 ,y2, ...,yd)Im[u N d 1 u N ](t,xi,x 2 , -.^x^dxdy (3.16) 
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-2 J Im[u N d 1 u N ](t,x 1 ,y 2 , ...,y d )Im[u M d 1 u M ](t,xi,x 2 , ...,x d )dxdy (3.17) 

+ \ j ^(\ u M( t ^ x i^y2,---,yd)\ 2 )di(\u N (t,x 1 ,x 2 ,.-.,x d )\ 2 )dxdy (3.18) 

+ \ j d 1 (\u N (t,x 1 ,y 2 ,...,y d )\ 2 )d 1 (\u M (t,x 1 ,x 2 ,...,x d )\ 2 )dxdy (3.19) 

+ 2 J \u M (t,x 1 ,y 2 ,...,y d )\ 2 \diu N (t,xi,x 2 ,...,x d )\ 2 dxdy (3.20) 

+ 2 j \u N (t,xi,y 2 , ...,y d )\ 2 \d 1 u N (t,x 1 ,x 2 , ...,x d )\ 2 dxdy. (3.21) 

\d 1 (u N (t,xi,x 2 , ...,x d )u M (t,x 1 ,y 2 , ...,y d ))\ 2 dx 1 dx 2 ■ ■ ■ dx d dy 2 ■ ■ ■ dy d . (3.22) 
In one dimension this implies 

\d x (u N u M )(t,x)\ 2 dxdt < (M + A0INf(0)!|| 2(R) ||uiv(0)||| 2(R) . (3.23) 
Therefore Bernstein's inequality implies that when M « N, 

\\umun\\lI x (RxB.) ^ ^H72lkM(0)|| L 2(R)||'"Ar(0)|U2( R) , (3.24) 

which concludes the proof of theorem 11.11 when d = 1. In higher dimensions let Pm be the Littlewood 
- Paley projection onto frequencies |£2 + ---+£d| < 100M. This implies that for some (j)(x), \4>(x)\ < 1, 
1^)1 <N (l + \x\)~ N for any N, 

u M = P M u M = / um(xi,x 2 — y)(j>(My)M d ~ l dy. (3.25) 

di(u N (t,xi,x')u M (t,xi,x' + y )) = / di(u N (t,xi,x')u M (t,xi,x' + y + y))(j)(My)M d ~ 1 dy. 

(3.26) 

By Holder's inequality 



\di(u N (t,x 1 ,x')u M (t,xi,x' + y ))\ 



<M^( I \d 1 (u N (t,x 1 ,x')u M (t,x 1 ,x' + y + y))\ 2 dy) 1/2 ( I ^{My^M^dy) 1 ' 2 . 



(3.27) 
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Therefore by flM]), (^221) . 



Wd^UN^xux^UMit^ux' + y ))\\ 2 L 2 x < Af d - 1 A^||w Af (0)||^ 2(Rd) ||u iV (0)||^ 2(Rd) . (3.28) 
Integrating over co G S d ~ l implies 



\\V(u N (t, Xl ,x')uM{t, x u x' + y )) \\ L 2 x < M^N x I 2 \\u m ^)\\l^^) ll«Jv(0)|| L 2 (Rd) . (3.29) 
Applying Bernstein's inequality proves theorem ll.il □ 

An identical computation would produce the same result with um replaced by um(x + xq) for some 
xq € R^. Therefore, 

Corollary 3.2 If u solves the free Schrddinger equation then for M « N, 

\\(P M u(t, x))(P N u(t, X + ^ILf^RxRd) < 1/2 WPMUoW^^WPNUoW^^dy (3.30) 

4 Almost Conserved Quantities 

Conservation of energy implies 

II^WHlI(r^) = ll^(0)|| Li(Rd) . (4.1) 

Therefore consider d > 4. 

Theorem 4.1 For d > 4, e(||^|| > sufficiently small, 

WWf^^xWLfLUlx^) ^ ll|V|^^(0)|| L 2 (Rd) . (4.2) 
Proof: Suppose ip x solves (|1.5|) . Take the inner product 

(u, v) = Re / u(x)u(x)(ix. (4-3) 



Id,, , d-2 , , d-2 , , . , , d-2 d-2 

n-rAM~^x, V — ^ = (*A V — ^, V — $ x ) 
2 at (4-4) 



-2 



+ (|V| 2 (-2A m d m ifji - (d m A m )i/)i - i(A t + A m A m )ipi - ip m Im(tp m il}i)),\V\ 2 ^). 
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The first term on the right hand side of (|4.4p is = 0. 

{(-d m A m )ipt - i(A t + A m A m )^i - ip m Im(ip m tf.'i < j 



< |||v-A| + 1^1 + 1^ -^i + i^i 2 !! d+2 |||v|— i> x \\ 2(^+2) 

+ ||^|U +2 (|||V|^(V • A)\\ L 2 + |||V|^^|| L 2 + \\\\V\^(A X )\\A X \\\ L 2 



< 



d+4 



ll|v|^^IIT d+2) (IIM^II 2 ^ + IIM^vgitfg)- 

3 t X t X 



Therefore by (|1.17p . 

j {-{d m A m )ij)i - i(A t + A m A m )ipi - tp m Im(i} m ipi)), \V\^ipi)dt 

<e d (|||V| 2 M L ?Ll + IH V I 2 ^Hl-lj)- 

Finally evaluate 

(2\V\^A m d m ip x , \V\*ril> x )dt = I {2A m d m \V\^ij x , M^if> x )dt 



. d-2 _ , d-2 , / , _ , d-2 , d-2 



1 



. d-2 . d-2 



+ J (2\V\ — A m d m il> x , |V|— V^} - (2,4 m d m |V| — ^, |V| — ^}cft. 
Integrate the right hand side of (14. lip by parts. 



d-2 



A m (t,x)d m \\V\ — i; x \ 2 dxdt = -J J (V • A)\\V\—^ x \ 2 dxdt 

d _ 2 2(d+2) 

<II|V|V^|| 4 d+2) ||| V |V|| 2 L - 4 /f. 

Therefore, 

(@32D < ||(|V|^A m )(a m ^)|| 2 ( d+2 ) |||v|^Vzll 2^ + ||VA m || d+ 2|||v|^^|| 2 2(d+ 2) 

~ +4 L *X L *X ^ 

,_ 2 2(d+2) 2(d+2) 



SIIM-nM 2 f d+2) llivi^^liyg- 



11 



Putting together (14TTUL (iLLSi and (|4~T5jh for e( || | V| ^"-0^ (0) 11^2 ) > sufficiently small, say 

e ^||| V |^^(0)||^ 4/d «l, (4.16) 

the theorem is proved. □ 

In order to make use of the interaction Morawetz estimates of the previous section we need to 
estimate H-PvV'zWIlL^Rd) when t £ I. 

1 — (P M ^ x ,Pm^x) = -(2P M {A m d m ij x ),PM^x) (4.17) 

2 at 



- (PAi((dmA m )ip x ), P M ipx) - (iPAi((A t + A x -A x )ip x ), P M ipx) - (P M ('4>mIm('4>mipl)), PmiPi)- (4.18) 
Lemma 4.2 When d > 4, ip solves (jl.5p and satisfies (|1.15|) and (jl,17p . M = 2 k for some k € Z, 

||P Af ((P > j L A m )9 m ^ + (3 m ^ m )V'x + i(^ + A'-^)^+V'm/m(V; m V'x))|| 2(d +2) < 2- fc ( d - 2 )/ 2 a(A;). 

- 100 r d+4 

L t,x 

(4.19) 

Remark: If M = 2 k , N = 2\ let a(M) = a(k) and a(N) = a(j). 

Proof: Begin with the easiest term and move to the most difficult. By ()1.17|) 



|Pm(VW^?™(VW^))|| 2(d+2) < \\tpx\\ i±l\\P>M.1px\\ 2(d+2) < € 4/d |||V| 2 tpxlfrJlt \\P>ALlpx\\ 2(d+2) 

r d+4 -loo r — a — -loo — a — 



By (BTTHI) 



(4.20) 

oo 

< J- 2 -^-2)/2 a(z) <2-^-2)/2 a ( fc ). (4.21) 



Z>£:-10 



Likewise, 



||PM((S m ^m)^+^ + ^-^)^)ll 2 (d+ 2) <2- k ^l 2 a{k) (4.22) 
+ \\P > M((d m A m )+i(A t + A x -A x ))\\ L 2 ||P<ju^|| L d+2. (4.23) 

— 4 *> a; — 100 i.z 

By (EH]), (HH1), and (jMB, 
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\P > M{{d m A m ) + i{A t + A x -A x ))\\ L 2 



< ||P>JL1M ^ UA% +2) (IIM^II^ + IHV|^^lfc 4 5) < 2- fe ( rf - 2 )/ 2 a(fe). ( 424 ) 

Inn - 3 — ^ .! L U X U t 



□ 

Now consider 



f (2P M ((P <JL A m )d m ^ x ),P M ij x )dt = 2 [ {(P < j L A m )a m (P M il> x ),P M il>x)dt (4.25) 

j — 100 J j —100 



+ 2 / {P M ((P <1L A m )d m ^ x ), P M ^x)dt - 2 / ((P <IL A m )d m {PM*p x ), P M ^x)dt. (4.26) 

Jj ^100 _/ 7 ^100 

Integrating the right hand side of (|4.25p by parts 



(4.27) 



(P < JLAn)9 m \PMlpx\ dxdt < \\V • A\\ d+l\\PM^x\\ 2(d+2) 
'■' - 10 ° L *X 

< e^ d \\M^^ x \\%fMk) 2 2- k ^ < a{kf 2- k ^K 



By the fundamental theorem of calculus we have the estimate on the Littlewood - Paley multiplier 
for |r/| « M, |£| ~ M. 



:|)-^)l<>|. (4.28) 



Therefore, 



\\P M ((P < iLA m )d m i; x )-{P <AL A m )d m PMM 2 (d+ 2) < UPm^xII 2(^2) ||a x A|| ^+2 < a(£02~ fc( ^ 2)/2 . 
-wo -loo Lt d +4 Lf d 

(4.29) 

Combining lemma (023), and (|4T29|) 

Theorem 4.3 Ift/) x satisfies pTT5|) . ([TTT7|) . and (f¥7T6|) a/so /io/ds ; /or t G I, 

II^^WHl? < M-^(a(M) +P(M)). (4.30) 



13 



5 Proof of theorem 11.21 : 

Now suppose iJj x solves (|1.5p and d > 4. Theorem 14.31 (|1.15p . and (J1.17P imply 

sup \M(t)\ < N(a(M) + (3(M)) 2 (a(N) + /3(iV)) 2 . (5.1) 
tei 

By corollary 13.21 this would automatically imply theorem 11.21 if 

(d t - iA)Vx = 0. (5.2) 



Therefore it suffices to bound the errors arising from the right hand side of (jl.5p . These errors 
are quite similar to the errors in the proof of theorem 14.31 Without loss of generality it suffices to 
consider the error terms in 

j f \P M Mt, V)\ 2 fe^T Im lPN$x(t, x)djMt, x)]dxdy. (5.3) 
The error is given by 

S = 2 J J J Re[P M (^{t,y)){d t -i&)P M {^y))]^^ 

(5.4) 

+ J J j \P M Mt,y)\ 2 ^^M{PNMt,x)d :i P N (d t -iA)i; x (t,x)}dxdydt (5.5) 

+ J j J \P M Mt,y)\ 2 ^%-M(PN(dt - iA)ip x (t,x)d j P N i> x {t,x)]dxdydt. (5.6) 
By lemma H21 since 



d-2 



\P N {-2(P >JL A m )d m xlj x -(d rn A m )ifj x -i(A t + A x -A x )^ x )\\ 2(^+2) < N z~a(N), (5.7) 



d+4 



£ = -4 / / ReiPMiMt^^PMiiP^A^dmM^y))} 



100 



(uC — y^j ' — 

f-Im[(PNip x (t, x)djP]\fij) x (t, x)]dxdydt 

\x-y\ 



(5.8) 



2 / / / \P M M^y)\ 2 ^^Im[{P N ^ x {t,x)d 3 P N {P < j L A m )d m ^ x {t ) x))]dxdydt (5.9) 

|x — y\ - 100 
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\PM^x{t, V)\ 2 | V ^ Im[(P N (P < j^g A ) iP x (t,x)d j P N ^ x (t,x)}dxdydt (5.10) 

+ 0(iVA r_ ^ 2 ^M _ ^ 2 ^ ) )(a(M) + /?(M)) 2 (a(iV) + /3(iV)) 2 . (5.11) 
Integrate (JSTHJ) and ([S3]) + (loTTOj) by parts. 

(P < ju. >lm ) 5 m | Pm^i | 2 — ^flm[P N i{j x d j P N 'ip x ]dxdydt (5.12) 
- ioo |x — y\ 

d m (P < A L A m )\ P M i) x \ 2 ^~ y) h m [P N # x dj P N ^ x ]dxdydt (5.13) 
- ioo \x — y\ 





{P <1L A m )\P M il, x \ 2 d m ( ^ y ) )Im[P N ip x d j P N i; x ]dxdydt. (5.14) 

\x — y\ 

(5.15) 



dsn < iviiPv^llLo.^ na^n \\PmM 2(d+2) 



2 



< NN-^M-^iaiM) + P(M)) 2 (a(N) + /3(iV)) 
The Hardy - Littlewood - Sobolev inequality implies 



|2 MP „ A II _ _,IIP„./, Il 4 / d IIP.../, ll 2 - 4 / d 

' oo r 2 • 

r 3 -iou " ~ d 

n t,x L, t 



(|5.14|) < UPv/^ll 2(d+2) ll-P^^M An 11 LfLj 11 fifV's 1 1 2(d+2) 1 1 Pv^x 1 1 Lgo /,2 ■ (5.16) 

Likewise 




\P M Mt,y)\ 2 ^^Im[(P N {j x )(P <JL A m )d j d m P N i; x }(t,x)dxdy (5.17) 
x — y\ — ioo 




/ / / |Pw '■,.(/. .//)1 2 ^ _% m[(f <4 4)9 w (P^)9 j P A (v|(f./iJ/(//; (o.J,s) 



|P M ^(i, y)| 2 ^ - | j a m (P < j^A m )Jm[(P j v^)9 J P jV Va : ](^ x)dxdy^ (5.19) 
\x — y\ — ioo 

|PM^(t,y)| 2 5 m (^^)(P < ^^ m )/m[(Pv^)a,Pv^](t,x)dxd 2 / a !t. (5.20) 
|x — y - ioo 

Once again use the Hardy - Littlewood - Sobolev theorem for (|5,20p . As in the proof of theorem 
PI 
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\\Pm((P< M.A m )d^ x )(P M ^ x ) - (P<M.A m )(P M d m ^ x )(P M ^ x )\\ L i x < M-^a(M) 2 . (5.21) 
\\(P N ^x)d j ((P < j L A m )d m (P N rp x )) ~ (PN^KP^A^djdmiPN^W^ < N ■ N-^a(N) 2 . 

— 100 — 100 '<* 

(5.22) 

\\(P N ^ x )d j ((P <JL A m )d m (P N rp x ) - ^W((-P<JvL^m)^m^))ILa < AT ■ N~^a(N) 2 . (5.23) 

— 100 — 100 t ^ x 

M((P <JL A m )d m (P N iP x ) - P N ((P <JL A m )d m xp x ))d 3 (P N i; x )\\ Ll < N ■ N-^a(N) 2 . (5.24) 

— 100 — 100 *>« 

This proves theorem 11.21 □ 

6 Caloric Gauge 

The caloric gauge was proposed in [22] in the context of wave maps and then in [21] in the context 
of Schrodinger maps. Precisely, at each time t we solve the covariant heat equation with cj)(t) as 
the initial data on [0, oo) x R rf , 

d 

d s <f> = A x 4> + <f>- V \d m <f>\ 2 

1 (o.l) 

m=l v ' 

<p(0,t,x) = 4>(t,x). 

|16j proved that (|6.ip is well - posed on R 2 for s > when the energy of cf) is less than the energy 
of the ground state. Moreover, (f>(s) approaches the equilibrium state Q as s — > oo. Therefore we 
can choose (wooj^oo) at s = oo as an arbitrary orthonormal base in TqS 2 . Pulling back (t>oo , ^oo ) 
along the backward heat flow by parallel transport gives an orthonormal frame (v, w) for all s > 0. 
Moreover, 

w ■ d s v = A s = 0. (6.2) 
In the gauge the harmonic map heat flow is given by 

(d s - A x )ip m = 2iA t diip m - (At ■ Ai - idiAi)ip m + iIm(Vw^M- ( 6 - 3 ) 
(d a - A*)^ = ZiAid^t - (Ai ■ A t - idiA^t + ilm{^l)^l- (6.4) 
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(|2.6p implies 

d A s = Im(ip ^ m ). (6.5) 
Integrating backward from s = oo, for any m = 1, d + 1, 

/"OO 

A m (s) = - ImtfmiWi + a^))(r)dr. (6.6) 

Theorem 6.1 Ze£ <j) be a heat flow with classical initial data whose energy Eq is less than E cr n. 
Let e be a caloric gauge for <j>, and let A x denote the connection fields. Then we have the pointwise 
bounds 



s>0 



s>0 

for all k > and s > 0, as well as 



sup a ( fe+1 )/ a ||^( S )|U« (Ra) < E(hk 1, (6.7) 
•o 

sups k / 2 \\d k x A x (s)\\ L 2 {R2) < Eotk 1, (6.8) 



;>oo 

/ s^l 2 \\d k Ms)\\L T ^)ds< Eo ,kl, (6.9) 
JO 



oo 



^-^d^A^U^ds < Eo , k 1. (6.10) 



For all k>0. 

Proof: This was proved in theorem 7.4 of [16) . □ 

Corollary 6.2 Let <j) be a heat flow with classical initial data with energy Eq less than E cr a. Let 
e be a caloric gauge for (ft. Then for all k > 1, 

oo 

S fc_1 ||^llLS(R») ZE ,k 1, (6.H) 







sup^- 1 )/ 2 !!^- 1 ^!!^) <s ,fc 1> (6-12) 

s>0 
oo 

» fc_1 Vx (R^rfs <£ , fc 1, (6.13) 

S ups fc / 2 ||^-Vx||L-(R2) <E ,fc !• (6-14) 

s>0 

Analogous estimates hold if one replaces d x tp x with ip S} d x with d s , and/or d x with D x . 
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Proof: This is corollary 7.5 in |16j . □ 

Theorem 6.3 For t el, a and ft satisfy (fl~T5|) and (flTT) . d = 2, 



\Pk 



'MMt)\\l W < «( M ) 2 + C(£ o )03(M) 2 e 2 + ||(P m 4)^||l ? / 2 )- (6.15) 



Proo/: 



(/ ^,Pm^I!12 = -(2P M (A m a m ^),PM^) (6-16) 



- (PM{(d m A m )ip x ),P M ip x ) - (iP M {(At+A x -A x )ip x ),P M i> x ) - (P M (^mIm(ip m ^x)), Pm^x)- (6.17) 
This implies that for i G /, 

\\PMi>x(t)\\h(B?) < P(M) 2 - J (2P M (A m d m ip x ),P M ^ x )dt (6.18) 
+ \\(PM^My t (\\dxA\\ L 2 + \\A t \\ L2 + \\A x \\l f + H^ll^ )• (6.19) 

t*,W L,X C,JJ t,x t,x 

As in the Coulomb gauge 



' M i>x)dt (6.20) 



-2 / (P M ((P <JL A m )d m i} x ),P M ipx)dt + 2 / ((P<M_A m 

J i -wo y 7 ^ioo 

< ||^^|| L 2 ||Pm < . <4M ^.|| L 4 ||P M ^|| L 4 < ||^|| L 2 a(M) 2 . (6.21) 
Integrating by parts 

-/ f{P < i L A m )d m \PM^\ 2 dxdt< \\d x A x \\ L 2 a(M) 2 . (6.22) 
J I J ~ 100 

Therefore, 

\\PMMt)\\h { ni) < £W + C(P )a(M) 2 ||V^|| L? 

* (6.23) 

+C(£b)||(P M V a ,)^llLf + \\A t \y + \\A x \\ 2 Lf + U x \\ 2 Lf ). 

This proves the theorem assuming 

11^(0)11^+11^(0)11^+11^(0)11^ +||^(0)|||4 <e 2 . (6.24) 
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t ,X 



^a(k) 2 <e 2 . (6.25) 



Combining (|6.7p and (|6.9p . 



I!^(s)||l|L-([0,oo)xR2) l ( 6 - 26 ) 

Remark: For the rest of this section A < B means A <e B. 

Lemma 6.4 For any k > 0, 

\\d h x Ms)\\LUKi) <k S - fe / 2 ||^(0)|U4 (R2) . (6.27) 

HfiS.^WII^f. < £*(*) a S H^(0)lli L . (6.28) 
Proof: This is proved by Duhamel's principle. 

Vfe(s) = e sA V,.(0) + f e( s " s ') A [2^(A^) - (4« ■ As + ^Mc + iIm{Tp x $i)Tp l ](s')ds'. (6.29) 
•/ o 

ll^x(s)||rfx* i$ l!^(0)|| L 4 + H^llljioo 11^* l4 + H^lUjiac ll^lli-^ (6.30) 

+ \\dxA\\ L i L ^\\ip x \\ LrL 4 + C(5,E )\\A X \\ L 2 LS >\\'4> X \\ L?L 4, +5\\iJ; x \\ L?L 4. (6.31) 
The last inequality follows from corollary 16.21 and splitting 



e 



J(1-S)b 

(6.32) 

1 ' ds'<5 1 / 2 . (6.33) 



(1-5), {s-s'Y' 2 (s0 1/2 
(1-J> 1 



/ , 1/2 -/W<C(5)||/|| Li . (6.34) 

By theorem 16.11 and corollary 16.21 after partitioning [0, oo) into finitely many pieces and iterating, 
([630]) and (JOT]) imply 
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II^(s)IIl*(r2) < IIV^(o)|| L 4 (R2) , 

II^( S )I|Z,| 1!C (/ X R2) ^ 11^(0) ||l,4 x(/xR2) . 

Likewise since the kernel of d x e^ s ~ s ) A has L 1 norm bounded by ^_^ fc/2 , 

(1 5 \( s - s ') A d^[2id l (A l ij x )-(A x -A x +id l A l )iP^ < k s - fe / 2 ||^(0)|| L 4. 

(6.36) 

Next, theorem 16.11 corollary 16.21 and an induction imply 

d k e (s-s')A { _( Ax . Ax + idlAl ^ x + ilmfafai/nWWU* (6.37) 

(1-5), 

~ f < _ 1 ai/ 2 H^" 1 [-(^ • A * + iQ l A l)^ + iIm^i)ms')\\Lids' < k a -* /2 ||^(0)|U4. 

J (1— 5)s (.8 9 ) 

(6.38) 

Finally, 



(1-S)a 

Combining (15361 . (15351) . (15391) . and \\d^e sA ifj x (0)\\ L 4 < s- k / 2 \\ip x (0)\\ L 4 proves (153TD . 
Now to prove (|6.28p . Estimate 

e (»-^d x [2idi(Aii(> x ) - (A x ■ A x + idiA t )^ x + i/m(V'*$0M^Wlli*L*([2* I 2i+i]xR3) ( 6 - 40 ) 
By theorem 16.11 corollary 16.21 and (|6,27p , 

1/2 

~ (H^lliiXg°([2J- 2 ,2J']xR 2 ) + IIV'x||l2Lj°([2J-2,2J]xR 2 ) + 1 1 As lll, 2 Lg°([2J- 2 ,2J] xR 2 )) IIV'x IIl^L* • (6-41) 

Next, by Sobolev embedding, theorem 16.11 and corollary 16.21 and Holder's inequality, 



'0 



8/2 

^ s - s '^ A d x [2idi(Aiip x ) - {A x ■ A x + idiAi)^ x + i/m(V'x^i)V'i](s / )^'|| L 2 L 4 ([2Ji2J+ i ]xR 2 ) (6.42) 
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i$ Uxh^L^ j/2 ^ 2k/2 (\\ A x\\lj >x ([2><,2 k+1 ]x'R?) + \\ d x A hl x ([2l°,&+i]x-R?) + 11^11^4 B ([ 2 *,2»+i] X Ra))- 
k<j 

(6.43) 

Combining (|6.41j) and (16.43H implies 

e ( s - s ') A a fc [2ia / (AV'J-(^-^+^A)^+^(^^)^](5 , )^ , llL|L4 < Eo II^(o)||l4. (6.44) 

HVe^,(0)|fi t < £ 2 fe ||P^(0)||^ + E 7^11^(0)11^. (6-45) 

2 2fc<l 2 2fc > l > ' 



||Ve sA ^(0)||i iL?a 

k>j k>j 

Therefore, 

£ l|Ve sA V,(0)||i ?L 4 J[2 - 2Jj2 - 2j+2]x/xR2 < E^) 2 £ H^(0)||^. (6.47) 
j k 

This gives ([6728]) . □ 
Corollary 6.5 

||^( S )L4 x <e. (6.48) 
Proof: This follows from lemma 16. 4| theorem 16. 1| corollary 16. 2\ and the formula 



A x {s) = - Im(^ x (di^i + iA^X^dr. (6.49) 

is 

|4r|| L 4 < ll^lli^dl^^ll^J + 11^,11 rti«||^x|U»Z*) i$ ll^(0)|| L 4. (6.50) 



□ 

Theorem 6.6 



ll^( S )||Li(R 2) <2- fe . (6.51) 
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Proof: By Bernstein's inequality 



2 2k \\P k A x (s)\\ Li{n , ) < / ||V 2 ^(r)||L2||V^,(r)|| L 2 + \\Mr)\\ L l\\^Mr)hldr (6.52) 



oc 



oo 

2 



+ / || V% 11^11^11^11^11^2 + ||^||l2||VM x || L 2||^||l- + 1^x11^11^11^1^^x11^^ (6.53) 



< / r- 3 / 2 dr < s- 1 ' 2 . (6.54) 

J s 

The first inequality in (I6.54p follows from theorem 16.11 and corollary 16.21 So for s > 2~ 2k , 

II^x(s)||li(r 2) <2- fe . (6.55) 
For s < 2~ 2k Holder's inequality and f|6.55|) imply 



II^xOOHlMR 2 ) < / |||^||^ + iA^Lidr (6.56) 

J s 

< 2- k U x \\ LrL 2\\d x ^ x \\ Llx +2^11^111^11^11^00 +2" fc < 2~ k . (6.57) 

□ 

Lemma 6.7 

k 

Proof: 

&(0) = idi^Q) - MQ)^(0). (6.59) 

As in lemma [63] 

l|e sA (^^(0))|| L 2 i 4 i <6. (6.60) 
By Sobolev embedding and theorem 16.61 



1^(^(0)^(0))!!^ < iV||P f <.< 2 o^(0)|| L 4 JM0)\\ L 2 (6.61) 
+ A rl/2 || j P< i ^(0)|| L 4 iso ||P f <.< 4JV A(0)|| L 2 (6.62) 
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+ N 3/2J2 \\P 2k M0)\\ L lJP2^NA x (0)\\ Li /s (6.63) 

fc>0 

< Na(N) + 2 k ' 2 a{2 k N) + N 2~ k ' 2 a{2 k N) < Na(N). (6.64) 



fc<0 fc>0 

This implies 



^(0)||«iL + \\s 1/2 e sA M0)\\Li x < (6.65) 



Ms) = e sA MO) + / e^-^pidtiA^t) - (A x ■ A x + id^t + ilm^^s^ds 1 , (6.66) 
Jo 

Making an argument identical to the proof of lemma 16.41 proves the lemma. □ 
Corollary 6.8 

\\A t {s)\\ Lix <e\ (6.67) 

Proof: 

WM\lI x < \\M L 2LiJ\\dM\L*Li x + < <?■ (6-68) 
Recall the choice of frequency envelope 

a(k) = ^2- s \i- k \\\P^ x (0)\\ Lfx . (6.69) 
j 

Let 

a(t,k) = Y / ^ Sl ^ kl \\P,Mt,0)\\ L i- (6-70) 

j 

( [ a(t,k)Ut)^ <^- Slj - kl \\P 3 M0)\\ Ltx =a(k). (6.71) 

( f C£ \\P k MtM\li?dt) 1 ' 2 <J2([ \\PkMtM\l x dt) 1/2 < J>(fc) 2 < e 2 . (6.72) 

J k k 

Theorem 6.9 

\\PkMs)hi < (l + s2 2k )- 4 a(t,k). (6.73) 
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Proof: We start by proving \\P k ijj x (s)\\ L 4 ^ < a{k). 

\\e sA P k M0)hi<(l + s2 2k )- 4 a(t,k). (6.74) 
Make the bootstrap assumption 

\\Pk^x{s)\\ L ^ x <Ca(t,k). (6.75) 

r(l-5)s 

|| / e^'^P^id^A^) - (AiAi + idiJk)^ + Um{^Mds'\\ Li (6.76) 
J o 

(6.77) 



<e- 5s22fc ||P fc _5<.< fe+ 5^llL-L4[ S 1 /2 2 fcp ;c || L?Lso 
+ ||^^||l1L2° + Il^x|li2 £ oo] 



S X 



+e -8s2^ { J- 2^||p.^|| Lsoi ,) [s V22fc||p> fc _ 5 ^|| L , L , 

j<k-5 (6.78) 

+ \\ P >k-5A x \\ L 2 L 4\\A x \\ L 2 L ^ + \\d x P> k ^A x \\ L i L ^ + \\P>k-5'4'x\\L 2 s Li\\'4 , x\\L 2 s L^} 

+e-^ 2 %V2 2 ^||p.^|| ifoL ^ [ ||p.^|| L ^ 

i>fc (6.79) 

+ \\P> j A x \\ L 2j\A x \\ L 2 LT + ||9 x i^jA,.|| L l L 2 + \\P>j1p x \\ L 2^ Jll> x \\ L 2 L co]. 

Next, estimate 

II [ S e^-^ A P k [2idi(M x ) - (AiAi + idiA t )^ x + i/m(^^)^]^'|| L 4, (6.80) 
7(1-<5) S 

By Sobolev embedding and integration, 

< \\P k - 5 <.< k+5 M LrL ^ 

+5\\s 1 ^a x \\ 2 l ^ + s\\sd x A x \\ Lf , x + 5||s 1/2 ygii~ 



+ ( £ 2^||p.^|| isoi ,) [( 5V2|| s l/2p >fc _ 5 ^|| LsoL , ( r e -'2- 22,^)1/2 

+5||s 1/2 P> fe _ 5 yl :r || L oc L 4||s 1/2 yl :r || L oc a; +<5||s<9 :r P>fe_5A r || i oo i 4 + 5||s 1/2 P> fe _ 5 V' :c ||Lf L4p 1/2 V'x||L~ ] 

(6.82) 



24 



+2^||P,^||^^[5 1 / 2 || s i/2 P .^| ksc ^ ( f S e s'^ 2 2 kdsr /2 

j>k Jo (6.83) 
+5\\s 1/2 P> j A x \\ LrL 2\\s 1/2 A x \\ L? , x + Sllsd^^A^l^^ + dlls^P^ll^^Js 1 / 2 ^^ 

<Ca(t,k)5 1/2 . (6.84) 

The last inequality follows from Bernstein's inequality, the bootstrap assumption, theorem 16. H and 
corollary 16.21 Partitioning [0, oo) into finitely many intervals Ij for each t such that 

l|4||l2L?(/ 3 xR 2 ) + II^^icIIlil^^xR 2 ) + ||V'a:||L|ig (/jXR 2 ) + \\9xAc Wl^Ij xR 2 ) (6.85) 

is small on each Ij and iterating, 

\\PkMs,t)\\ Li <a(t,k). (6.86) 

This in turn implies 

\\P k Ms)\\ L t x <a(k). (6.87) 

To prove (|6.73p it only remains to consider s > 2~ 2k . e - sS2 ' 2k s 1 / 2 2 fc <$ (1 + s2 2fc )~ 4 , which takes 
care of (|6.77|) . (|6.78|) . and (|6.79p . Now make the bootstrap assumption 



\\PkMs)\\ L t x <C(l + s2 2k r 4 a(k). 
Plugging this in to (|6.8ip and (|6.83p 

(^81]) + dESSD < C5 1/2 (l + s2 2fc r 4 affc). (6.89) 
By theorem 16. H corollary 16.21 and Bernstein's inequality, 

+ 5\\sd x P> k _ 5 A x \\ L °o x + S\\s 1/2 P> k ^ 5 i/j x \\ LrLx \\s 1/2 ip x \\ L ^ x (6.91) 

< s -4 2 -m/2 5 i/ 2 H^flg^lljS H^flg^H^ (6.92) 

+ rt -m/ 25 i/ 2| | a 9/ 2 ^||^ (6 . 93) 
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+ S - 4 2- 17 ^2|| s 5 a 10 A2 ||l/2 11,5510^^/2 ( g Q4) 

^ s x s,x 

+ s ^2- 17 ^ (5 l/2 | | s 9/2 a 9^ || l/2 H^^n^ ||^|, < £q gift ,-4^17^ (5.95) 

-L'S -L'X ^S,X ' 

Since || L 4 < a(A;), when s > 2~ 2fe 

JS32J) < (l + s2 2fc )" 4 . (6.96) 
This completes the proof of the theorem. □ 

Corollary 6.10 

2 fc ||P fc ^( S )|| i? <ea(fc). (6.97) 

Proo/: 

A x (s) = - / ImiMdnPi + iA^i)){r)dr. (6.98) 



DC 



\P k A x {s)\\ Llx < I ll^_ B <.< A ^^(r-)l| jt * jB CII^*^'*(»-)llif i<I , H" ll^MlUg- HV'a.COIIx.f,.)^ (6-99) 

/■oo 

+ / ||P< fe _5^(r)||£4 11^^-5^(^)11^ dr (6.100) 



00 

2 



+ / II -F<fc— 5 ^ (^) 1 1 x| J\P>k-5^x(r)\\ L i J\A x (r)\\ L ™ + \\P< k - 5 4> x (r)\\ L 4 L ^\\P> k - 5 A x (r)\\ L 2 

(6.101) 

poo 

+ Y, / S^llP^^r)!! 2 +||P i ^(r)|| i 4 \\P>jMr)\\Li \\Mr)\\Lg> 
j>k+5 Js ' ' (6.102) 

+ ll^(r)||i* ||^(r)||M Jl^-^WIIi-dr. 



®m<( (l + s2 2k )- 8 a(k)ds) 1 / 2 (\\dM\ L2Li + \\A X \\ L 2 L ^U X \\ L Lf )<2- k a(k)e. (6.103) 

' S L ,X ^ J, S Z ,X 

poo 

(IBTTOOl) < V e / (1 + s2 2j y A a(j)ds < 2~ k ea(k). (6.104) 
,CT^ K Jo 



j>k-5 
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By Bernstein's inequality, theorem 16.11 corollary 16.21 

/•oo 

®M)<eQ2 / (l + ^^ 8 cfa)V2||^||^ L?+ a(fc) 2 2- fc ||^[| L i^<2- fc €a(fc). (6.105) 

(l6~T02l) < V 2>'e( / (l + S 2 2 ^')- 4 d«) + e( / (1 + s2 2 -T 8 ^) 1/2 p,|| L 2 LO o < 2- k a(k)e. (6.106) 

□ 

In conclusion this proves 



U x \\l* +Ux\\l* + \\dxA x \\ L? +\\Mit ^ e2 - ( 6 - 107 ) 

This completes the proof of theorem 16.31 □ 

Performing an identical calculation to the one performed in the case of the Coulomb gauge, the 
error involving terms of the form 



PM^M-Afidrt*) (6.108) 

— 100 

is bounded by C(E )e(a(M) + (3(M)) 2 (a(N) + /3(iV)) 2 . 



M||P > m.^|| l? +\\d x A x \\ L 2 +\\A t \\ L 2 + ||A C || 2 4 +Ux\\ 2 L 4 <e 2 - (6.109) 

— 100 *>» t,x u t,x 

Therefore in the caloric gauge the error is bounded by 

\\(P M ^)(PnM\lI x < (^) 1/2 (a(M) + P(M))(a(N)+(3(N)) (6.110) 

+ (^) 1/2 C(Eo)eY,\KPMip*)(P* M M\iS,MW + PW) ( 6 - m ) 

k 

+ {^) l / 2 C(Ev)e Y, ll(W*)(iW*)llL?,>(M) + /3(M)). (6.112) 

it 

Theorem 6.11 For M « N, 

\\(Pm^)(Pn^)\\ l1x < (^ 2 (a(M) + (3(M))(a(N) + fJ(N)). (6.113) 
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Proof: From the Morawetz estimates if M << N, 



||(P^)(W,)|L t <(^) 1/2 (a(M)+/3(M))(«(7V)+/3(iV)) (6.114) 
+ (^)V2 C(jEo)e ^ \\(P Mi)x ) { P 2kM j x )\\ L2 Ja{N) + p{N)) (6.115) 

+ (^)V2 C (E )e^||(P^)(P 2fc ^ :c )|| L ^(a(M)+/3(M)). (6.116) 



Therefore, 



< 



E ik^x)(Wx)Hl ?ib < E(«( M ) +/W) 2 ( 6 - 117 ) 

M,N,M«N M 

+ C(E )e £ (^)) 1/2 E IKW,)(P 2fc M^)llL ? ,J(«(^) + /W) (6-118) 

M<N k 

+ C(E )e £ ( ^)V2 ( ^|| (Pjv ^ )( p 2fcjv ^ ) || L? j a(M)+/3(M)) (6 . 119) 

M<N k 

+f3{M)f +C(E )eJ2(J2 ^(Pm^^m^UJ^M) + (3{M)) < ■ (6-120) 

M M fe 



The last inequality follows from taking e > sufficiently small and absorbing the second term into 
the right hand side. This in turn implies 

E \\(Pm^)(Pn^)\\lI x < (a(M) +/?(M)) 2 (6.121) 

+ (a(M) + /3(M))C( J B )eE II( P m^)(Pv^)||l^ + C(P )e 2 (a(M) + /3(M)). (6.122) 

AT 

Once again absorbing the second term into the right hand side 

Y J \\(PM^)(PN^)\\ Llx <e(a(M)+(3(M))- (6.123) 

N 

Plugging in this inequality gives the theorem. □ 
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7 Bilinear Estimates for s > 

Next we seek to estimate 

\\(p k Mo))(PiMs))hi x (7.i) 

for s > 0. Define the double envelope at s = 

7 (t,M) = £ 2- M ^- fc "2- M ^- | l2^-»l/ 2 ||( J P il ^ af (t))(-P ia ^x(t))||^. (7.2) 
h ,32 

( | 7 (t,M)W /2 < £ 2 - 2 *l^- fc l2- 2 *"^-'l2l^-^l/ 2 1| Va,)C^r a ^) Mx,» „ - (7-3) 

This implies 

2 l ^ l/2 ||(P fe ^)(^^)llL^ < ( / liWfdt) 1 / 2 . (7.4) 

Also, 

( J 7 (t, fc, Z) 2 ^) 1 / 2 < £ 2- 2<5 ^- fc l2- 25 ^- fc l«(i 1 ) Q (i 2 ) < a(fc)a(Z). (7.5) 
We also have the estimates 

7 (t, fc + 1, 0, 7(t, - 1, < 2 25 7(^ fe > 7(*, i + 1), 7(t, M - 1) < 2 25 7(i, 0- ( 7 -6) 
Now recall Duhamel's principle. If il) x ( s ) solves the harmonic map heat flow 

\\(PkMs,t))(PiM0,t))\\Li < \\Pk(e sA ^ x (0,t))(P^ x (0,t))\\Ll (7-7) 

+ \\Pkdi( [ S e (s " s ' )A ^V :E (s / , t)ds')(Pi^ x (0, t))\\ L 2 (7.8) 
Jo 

^(/'eM 4 ^)^^'.^)^^*))!^ (7.9) 
J 

+ ||P fc ( / S e ( s - s ') A AAVo ; (s / ,t)^ / )(^^(0,t))||L2 (7.10) 

JO 

ll^c/^^-^M^iMCa'.^OWx^t))!!^. (7.11) 

Jo 
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+ 



Theorem 7.1 

\\(P k Ms))(PiM0))\\L lx < 2-l fc - ; l/ 2 (l + s2 2k )-\a(k) + m)Hl) + W))- (7-12) 

Proof: We have already proved this theorem when \k — l\ < 10 and for any k,l when s = 0. As 
usual we start by proving 

\\(P k Ms))(PiM0))\\Ll <2-l fc -'l/ 2 7 (i,M). (7.13) 

(777]) < (1 + s2 2/c )- 4 2l fe - i l/ 2 7 (t, fc, 0- (7.14) 
Make the bootstrap assumption 

||(i^*(«))(A&(0))||j2 <C<y(t,k,l). (7.15) 

( [ s e -^ 2k 2 2k ds') 1/2 ( sup IKP^.^+s^^'))^^^))!!^)!!^!!^^ (7.16) 

JO 0<s'<s 

+ (sup \\(Pk-s<.^^))Mx(0))\\^\\d x MiiLr (7-17) 

0<s'<s 

+ (sup ||(P jfc - 5 <.< fc+5 ^(s , ))Wx(0))||x|)ll^|li 2L o O (7.18) 

0<s'<s 
+ ( SU P ll(-Pfc-5<-<fc+5 

< C 7 (t,A:,/)2-l^l/ 2 (P :c || L 2 L oo + Ha^lUji- + \\A x f L2sL ^ + ||V,|l!2 Xg o). (7.20) 
Next, by Bernstein's inequality, Sobolev embedding, theorem 16.11 and corollary 16.21 

2 fe ( sup \\(P 3 Ms'))(PiMm\Ll)\\PjA x \\ L iL~ (7-21) 

j> k+5 0< S '<s 

+ 2 "( SU P IK^>x.(^))(^^(0))||l|)II^^^IIlil| (7-22) 

j> k+5 0<s'<s 

+ £ 2\ sup IKPi^C^Cfl^Co))!!^)!!^^!^.!!^!!^ ( 7 - 23 ) 

+ Y, 2 "( SU P ll(^V'*(aO)W*(0))||^J||^*||^J|^||L 2 L- (7-24) 

j> fe +5 °< s '< s 
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< C 7 (W)2 |fc l \ /2 {\\d 2 x A x \\ LlLl + \\d x A x \\ L x L ^ + H^ll^^ll^lli^ + H^IUii-ll^lliiJ. 

(7-25) 

Also by Bernstein's inequality, Sobolev embedding, theorem 16.11 and corollary 16. 2\ 



V inf(2>' + 2<,2 fc )( sup \\{P 3 Ms')){PiMm\LlW>k-M\ Llx (7.26) 

j<k-5 0<s ' <s 

+ inf(2^+2 z ,2 fc )( sup IKP^x^)) WxCOjJU^JHP^-s^llLlig (7-27) 



i<fc-5 0<s '< s 



+ J] inf(2 fe ,2^+2*)( sup ||(P i ^(y))(P4(0))|U i )P :B ||L^go||P>*- 5 ^IUl i:c (7.28) 



j<fc-5 0<s ' <s 



+ ^ inf(2*,2>" + 2')( sup ||(P i ^(/))(P^(0))|| I/| )||^|k^||P> fe _ 5 ^|| L , :c (7.29) 

i<fc-5 0<s ' <s 

< c 7 (t,fc,/)2-i fc -'i/ 2 (ii^ii Li;c + n^iui^ + iiaj^r^iu^ + \m\L^\\9M Lix )- 

(7.30) 

Partitioning [0, oo) and iterating over each piece proves (|7.13j) . To prove (I7.12p it remains to prove 
some decay in s when s > 2~ 2k . 

||Pfe( e^'^iA^Ms') ~ (AiAi + idiM) + /m(^^)^]^ / )(PV'x.(0))|| L 2 

jo (7-31) 

< e- 5s22fc 2-l^^ 2 7 (t, k, < (1 + s2 2A: )- 4 2"l fe - z l/ 2 T (t, it, 0- 
Make the bootstrap assumption 

\\Pk(Ms))Pi(M0))hl < C(l + s2 2k r^(t,k,l). (7.32) 

When k < I, 

||(PVx(0))( f e^'^Pkpid^A^) - (A^ + idiAi)^ x + Im(ij^M(s')ds')\\ L 2 (7.33) 

J(l-8)s 

< C(l + s2 2fe )- 4 T (i, fc, Z)^ 1 / 2 !^ 1 / 2 ^!!^^ + ^Hs^^lU^ +^lk 1 / 2 ^||i ?f:i! +5||s 1/2 ^lli f?:E ] (7.34) 
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+ J2 ^ U ' l)/2 Cj(t,j,l)2 



L ^+S\\s 5 d 9 x A x \\ L[ 



s,x 



j<k-5 



(7.35) 



+8\\s 1/2 A x \\ L? oJs' 



s" 2 dlA x 



L« + 6 W S 



'^\\ L ~\\s^dl 



When k > I 



(7.36) 



+ £ 2-l^l/ 2 C(2^ + 2') 7 (t ) j,02- 9fc S - 4 [«5^||^/2^ ||Lsoi| + S\\s^A x \\ LrLl 
j<k-5 (7.37) 



We can integrate from to s' with a fixed s > in exactly the same manner. This completes the 
proof of theorem 11.31 □ 
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